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Abstract 

We consider Vlasov-type scaling for the Glauber dynamics in con- 
tinuum with a positive integrable potential, and construct rescaled and 
limiting evolutions of correlation functions. Convergence to the limit- 
ing evolution for the positive density system in infinite volume is shown. 
Chaos preservation property of this evolution gives a possibility to derive 
a non-linear Vlasov-type equation for the particle density of the limiting 
system. 



1 Introduction 

Kinetic equations are a useful approximation for the description of dynamical 
processes in multi-body systems, see, e.g., the reviews by H.Spohn [35], [55] . 
Among them, the Vlasov equation has important role in physics (in particular, 
physics of plasma). It describes the Hamiltonian motion of an infinite particle 
system in the mean field scaling limit when the influence of weak long-range 
forces is taken into account. The convergence of the Vlasov scaling limit was 
shown rigorously by W.Braun and K.Hepp pQ (for the Hamiltonian dynamics) 
and by R.L.Dobrushin (3] (for more general deterministic dynamical systems). 
However, the resulting Vlasov-type equations for particle densities are consid- 
ered in classes of integrable functions (or, in the weak form, of finite measures). 
This, in fact, restricts us to the case of finite volume systems or systems with 
zero mean density in an infinite volume. Detailed analysis of Vlasov-type equa- 
tions for integrable functions is presented in the recent paper by V.V.Kozlov 

US]. 

In 0, we proposed a general approach to study the Vlasov-type scaling for 
some classes of stochastic evolutions in the continuum, in particular, for spatial 
birth-and-death Markov processes. The approaches mentioned above are not 
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applicable to these dynamics (even in a finite volume) due to essential reasons 
(see [9] for details) . One of them is a possible variation of the particle number 
during the evolution. More essentially is that for these processes the possi- 
bility of their descriptions in terms of proper stochastic evolutional equations 
for particle motion is, generally speaking, absent. There are only few works 
concerning general spatial birth-and-death evolutions, see j3U], [IB], [T3], [H], 
[29] . [31j . However, the conditions for the existence (in different senses) of the 
evolutions considered therein are quite far from the general form. 

Therefore, we looked for an alternative approach to the derivation of kinetic 
Vlasov-type equations from stochastic dynamics. The correct Vlasov limit can 
be easily guessed from the BBGKY hierarchy for the Hamiltonian system, see, 
e.g., [32]. Such a heuristic derivation does not assume the integrability condition 
for the density, but until now, it could not be made rigorously due to the lack of 
detailed information about the properties of solutions to the BBGKY hierarchy. 
Our approach is based on this observation applied in a new dynamical frame- 
work. Note that we already know that many stochastic evolutions in continuum 
admit effective descriptions in terms of hierarchical equations for correlation 
functions which generalize the BBGKY hierarchy from Hamiltonian to Markov 
setting, see, e.g., [T2] and the references therein. Even more, these hierarchi- 
cal equations are often the only available technical tools for a construction of 
considered dynamics [3D], [21], [5]. 

Developing this point of view, our scheme for the Vlasov scaling of stochastic 
dynamics is based on the proper scaling of the hierarchical equations. This 
scheme has also a clear interpretation in the terms of scaled Markov generators. 
An application of the considered scaling leads to the limiting hierarchy which 
posses a chaos preservation property. Namely, if we start from a Poissonian 
(non-homogeneous) initial state of the system, then during the time evolution 
this property will be preserved. Moreover, a special structure of the interaction 
in the resulting virtual Vlasov system gives a non-linear evolutional equation 
for the density of the evolving Poisson state. 

The control of the convergence of Vlasov scalings for the considered hier- 
archies is a quite difficult technical problem which should be analyzed for any 
particular model separately. In the present paper, we solve this problem for 
the Glauber dynamics in continuum. These dynamics have given reversible 
states which are grand canonical Gibbs measures. The corresponding equilib- 
rium dynamics which preserve the initial Gibbs state in the time evolution were 
considered in, e.g., [22], [23], [24], [11]. Note that, in applications, the time 
evolution of initial state is the subject of the primary interest. Therefore, we 
understand the considered stochastic (non-equilibrium) dynamics as the evolu- 
tion of initial distributions for the system. Actually, the corresponding Markov 
process (provided it exists) itself gives a general technical equipment to study 
this problem. Moreover, using the techniques developed in 13 , it is possible to 
construct this Markov process as a solution of a stochastic differential equation. 
Unfortunately, this approach does not give any information about the proper- 
ties of the corresponding correlation functions which we need for the study of 
Vlasov scaling as was mentioned above. 
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However, we note that the transition from the micro-state evolution corre- 
sponding to the given initial configuration to the macro-state dynamics is the 
well developed concept in the theory of infinite particle systems. This point 
of view appeared initially in the framework of the Hamiltonian dynamics of 
classical gases, see, e.g., |3]. Again, the lack of the general Markov processes 
techniques for the considered systems makes it necessary to develop alternative 
approaches to study the state evolutions in the Glauber dynamics. Such ap- 
proaches we realized in [5D] , [21] , [TO] , [Z] ■ The description of the time evolutions 
for measures on configuration spaces in terms of an infinite system of evolutional 
equations for the corresponding correlation functions was used there. The latter 
system is a Glauber evolution's analog of the famous BBGKY-hierarchy for the 
Hamiltonian dynamics. 

Here we extend the approximation approach proposed in |10) . [7] to the 
Vlasov scaling for the Glauber dynamics in continuum. We construct and study 
semigroups corresponding to properly rescaled Markov generator of the Glauber 
dynamics (Propositions 13 . 8 l and 13. 1 lj) . We prove for the integrable and bounded 
potential the convergence of these semigroups to the limiting semigroup which 
describe Vlasov evolution (Theorem [3T2J). We derive the corresponding Vlasov- 
type equation from this evolution (Theorem 13. 14[) . Note that the stationary so- 
lution of this equation will satisfied the well-known Kirkwood-Monroe equation 
in the freezing theory fRemark l3.15p . 

2 Glauber dynamics in continuum 

2.1 Basic facts and notation 

Let B(R d ) be the family of all Borel sets in R d , d > 1; B h (R d ) denotes the 
system of all bounded sets in B(R d ). 

The configuration space over space R d consists of all locally finite subsets 
(configurations) of R d , namely, 



Here 7a := 7 n A, and | • | means the cardinality of a finite set. The space T 
is equipped with the vague topology, i.e., the minimal topology for which all 
mappings r 3 7 t— > 5Z xe „, f{x) £ R are continuous for any continuous function 
/ on R d with compact support; note that the summation in Ylxe-y f( x ) is taken 
over finitely many points of 7 which belong to the support of /. In [19j . it was 
shown that T with the vague topology may be metrizable and it becomes a Polish 
space (i.e., complete separable metric space). Corresponding to this topology, 
the Borel er-algebra B(T) is the smallest cr-algebra for which all mappings T 9 
7 i-> |ta| £ N := N U {0} are measurable for any A E B h (R d ). 

The space of n-point configurations in an arbitrary Y 6 B(M. d ) is defined by 




(2.1) 
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We set also := {0}. As a set, r£° may be identified with the symmetrization 
of _ 

V" = {(xi, . . . ,x n ) € Y n | x k + Xl if k ± l}. 

Hence one can introduce the corresponding Borel er-algebra, which we denote 
by B(T { y ] ). The space of finite configurations in an arbitrary Y G B(BL d ) is 
defined by 

r , y := y rf >. 

neNo 

This space is equipped with the topology of disjoint unions. Therefore, one can 
introduce the corresponding Borel er-algebra B(Toy)- In the case of Y = M. d we 
will omit the index Y in the notation, namely, To := T ^d, := . 

The restriction of the Lebesgue product measure (dx) n to (T^ n \ B(T^ n ')) we 
denote by m^ n \ We set m^ ' := Sm\. The Lebesgue-Poisson measure A on To 
is defined by 

A:=V^-mK (2.2) 

n=0 

For any A G Bh(R d ) the restriction of A to Ta := I^a will be also denoted 
by A. The space (T,B(T)j is the projective limit of the family of spaces 
{(Ta, ^(rA))} AeBb ( R d)- The Poisson measure ir on (T,B(T)j is given as the 
projective limit of the family of measures {^ A }AeB b (R d )j where ir A :— e _m ^ A ^A 
is the probability measure on (r A , B(r A )) ■ Here m(A) is the Lebesgue measure 
of A g B h (R d ). 

For any measurable function / : M. d — > R we define a Lebesgue-Poisson 
exponent 

e\(f,v)--=Hf(x), ier ; e A (/,0):=l. (2.3) 

Then, by ([23]) . for / G L 1 (K d , dx) we obtain e A (/) G L^Fo.dA) and 

e x (f,r))d\(r)) = exp\ [ f(x)dx\. (2.4) 
r [JR d J 

A set M G S(r ) is called bounded if there exists A G B h (R d ) and N G N 
such that M C UnLo^A 1 The set of bounded measurable functions with 
bounded support we denote by -Bbs(ro), i- e -, G G Bbs(Fo) if G |r \M= for 
some bounded M G B(T n ). Any £>(r )-measurable function G on r , in fact, is a 
sequence of functions {C^"^} ngNn where G^ n ' is a S(r^"^)-measurable function 

on T^ n K We consider also the set J-" cy i(r) of cylinder functions on T. Each 
F G F cy \(T) is characterized by the following relation: F(j) — F \p A (7a) for 
some A G B h (R d ). 

There is the following mapping from _Bbs(ro) into J-" cy i(r), which plays the 
key role in our further considerations: 

kg^-.^Y,^), 7er, (2.5) 

?7<l7 
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where G £ B\, s (Tq), see, e.g., [TSJ [2H1 123- The summation in (|2.5[) is taken 
over all finite subconfigurations ?/ £ To of the (infinite) configuration 7 6 T; 
we denote this by the symbol, 77 <e 7. The mapping X is linear, positivity 
preserving, and invertible, with 

K- x F(ry):= £(-1)1^(0, ,,er . (2.6) 

We denote the restriction of K onto functions on To by Kg. 

A measure fj, £ A4} m (T) is called locally absolutely continuous with respect 
to (w.r.t. for short) the Poisson measure n if for any A £ Sb(K. d ) the projection 
of fi onto T\ is absolutely continuous w.r.t. the projection of n onto T\. By 
[18] . in this case, there exists a correlation functional k^ : Tq — > R + such that 
for any G £ i?bs(ro) the following equality holds 

/ (#G)( 7 )cfM(7) = / G^k^dXiv). (2.7) 
Jr Jr 

(n) (n) 

The restrictions of this functional on T , n £ No are called correlation 
functions of the measure [i. Note that k^ = 1. 

We recall now without a proof the partial case of the well-known technical 
lemma (cf., [23]) which plays very important role in our calculations. 

Lemma 2.1. For any measurable function H : Tq x To x To — ► K 

f Y,H(£,r ] \Z,r ] )d\(T ] )= [ [ H(^ V , V U0dX(0dX( V ) (2.8) 

if only both sides of the equality make sense. 



2.2 Non-equilibrium Glauber dynamics in continuum 

Let cj> : R d ->• K+ := [0; +00) be an even non-negative function which satisfies 
the following integrability condition 



C := / (1 - e-^ x >)dx < +00. (2.9) 

For any 7 £ T, x £ Mr \ 7 we set 

E*(ar,7):=$^(x-l/)e[0;oo]. (2.10) 



a£7 



Let us define the (pre-)generator of the Glauber dynamics: for any F £ 
•^cyi(r) we set 

(LF)( 7 ):=J2[ F ^\ X )- F ^] ( 2 - n ) 

+ z [F(-fUx) - F(-f)]exp{-E' t '(x,-f)}dx, 7 £ T. 
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Here z > is the activity parameter. Note that for any F € .F C yi(r) there exists 
a A e S b (M d ) such that F( 7 \ x) = F(-y) for all x £ j A c and F( 7 Ui) = F(j) 
for all a; S A c ; note also that exp{— .©^(a;^)} < 1, therefore, sum and integral 
in (|2.1ip are finite. 

For any fixed C > 1 we consider the following Banach space of B(Tq)- 
measurable functions 



G:F 



\\G\\ c :=J r \G(r,)\C^dX(T,) < ooj. 



In [TOl Proposition 3.1], it was shown that the mapping L := K X LK given 
on S bs (r ) by 

(LG)(v) = - \V\G(V) (2.12) 

+ zVf e-^'^Gq- U x)e x {e-^ x - ) - 1, r) \ 0^ 
Co/* 

is a linear operator on £c with the dense domain Cic C £c- If additionally, 
z < min{Ce~ cc ^2Ce~ 2CC *}, (2.13) 

then (i, £ 2 c) is closable linear operator in Cc and its closure (i, £>(£)) gen- 
erates a strongly continuous contraction semigroup T(t) on £(7 (see [TU1 Theo- 
rem 3.8] for details). 

Let us set dXc ■= C''cL\; then the dual space (Cc)' = (i 1 (r ,dAc)) = 
L°°(To, d\c)- The space [Cc)' is isometrically isomorphic to the Banach space 

JC C := (k : T -> K fc ■ CH'I € i 00 ^, A)} 

with the norm ||fc||jc c := 1 1 C ' ''fe( , )lli 00 (ro,A) where the isomorphism is provided 
by the isometry Rc 

(Cc)'Bkt—¥Rok:=k-C^e]Cc. (2.14) 

In fact, one may consider the duality between the Banach spaces Cc and 
/Cc given by the following expression 

{(G, k}) := f G-kdX, G £ C c , k £ K c (2.15) 

with \{{G,k))\ < \\G\\ C ■ \\k\\K c - It is clear that k £ K c implies < 
||fc||;cc C'? 1 for A-a.a. 77 e F . 

Let (L', D(L']) be an operator in (£c)' which is dual to the closed operator 

(L,D(L)}. We consider also its image on JCc under the isometry Rc, namely, 
let L* = RcL'Rc-i with the domain D(L*) = R C D(L'). It was noted in [7 
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that L* is the dual operator to L w.r.t. the duality (|2.15p and that for any 

k e d(l*) 

(L*k)(r,)=-\r,\k(r 1 ) (2.16) 
+ z^V E *(*M*) f e A ( e -*(»-0_ l,£)k{{r)\x) U 

Under condition (|2.13l) . we consider the adjoint semigroup T'(t) in (/3c)' 
and its image T*(t) in /Cc- By the general results from [551 Sections 1.2, 1.3], 
the restriction T & (t) of the semigroup T*(i) onto its invariant Banach subspace 

D(L*) is a contraction strongly continuous semigroup. By [7J Proposition 3.1], 
for any a G (0; 1) we have IC a c C D(L*) and, moreover, by [7J Proposition 3.3], 
there exists ao = cto(z, 0, C) 6 (0; 1) such that for any a £ (ao; 1) the set IC a c 

will be also a T* (t)-invariant linear subspace. As a result, for any D(L*) the 
Cauchy problem in K,c 

^-k t = L*k t 

dt (2.17) 

k t\ t =o = k ° 



is well-defined and solvable: k t = T*(t)k = T Q (t)k E D(L*); moreover, 
k e K, a c implies k t € K, a c- 



3 Vlasov-type scaling 
3.1 Description of scaling 

We start from the explanation of the idea of the Vlasov-type scaling. We want 
to construct some scaling of the generator L, say, L £ , e > 0, such that the fol- 
lowing scheme holds. Suppose that we have a semigroup T s (t) with generator L £ 
in some Lc e ■ Consider the dual semigroup T* (t) . Let us choose an initial func- 
tion of the corresponding Cauchy problem with a big singularity by e, namely, 
k^iv) ~ £ ~' ?, ' r o( 7 7)j £ - *■ 0, ?y G To with some function ro, independent of e. 
Our first demand to the scaling L i— >• L e is that the semigroup T*(t) preserves 
the order of the singularity: 

(f*(t)k^)(r,) ~ e-Wrtfa), e -> 0, , £ r . (3.1) 

And the second one is that the dynamics ro i— ► ft should preserve Lebesgue- 
Poisson exponents, namely, if ro(r)) = ex(p0iV) then r t (i]) = e\(p t ,r]) and there 
exists explicit (nonlinear, in general) differential equation for p t : 

^- t p t (x)=v(p t )(x) (3.2) 
which we will call the Vlasov-type equation. 
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Now let us explain an informal way for the realization of this scheme. Let 
us consider for any e > the following mapping (cf. (I2.14p ) on functions on To 

(Rer)^) := eMrfa). (3.3) 

This mapping is "self-dual" w.r.t. the duality (|2.15[) . moreover, i?" 1 = R e -i. 
Then we have k { £) ~ R £ -ir , and we need r t ~ R £ f;(t)k { £) ~ R £ f; (t)R £ -ir . 
Therefore, we have to show that for any t > the operator family R £ T*(t)R £ -i , 
e > has limiting (in a proper sense) operator U (t) and 

U(t)e x (p ) = e A (pt). (3.4) 

But, informally, f*(t) = exp{tL*} and R £ f*(t)R £ -i = exp {tR £ L*R £ -i }. Let 
us consider the "renormalized" operator 

^e.ren := ^eL*R E -i. (3.5) 

In fact, we need that there exists an operator L v such that exp {tR £ L*R £ -i } — > 
exp{tLy} =: U{t) for which p.4| holds. Therefore, a heuristic way to produce 
such a scaling L n> L £ is to demand that 

lim fJ^CPt' 7 ?) ~ lcn ex(pt,v)^ =0, »? £ T 

if only p t is satisfied (|3.2|) . The point- wise limit of L* ren will be natural candi- 
date for Ly. 

Note that (|3.5|) implies L £j ron = R £ -iL £ R £ . Hence, we will use the following 
scheme to give rigorous meaning to all considerations above. We consider, for 
a proper scaling L £ , the "renormalized" operator L StTen and prove that it is a 
generator of a strongly continuous contraction semigroup T £ ^ cn (t) in Cc- Next, 
we show that the formal limit Ly of L e ren is also a generator of a strongly 
continuous contraction semigroup Ty(t) in Cc also. Then, we consider the dual 
semigroups T* len (t) and T v (t) in the proper Banach subspace of the space /Cc- 
Finally, we prove that T* ren (t) — > T v (t) strongly on this subspace and explain 
in which sense T v (t) satisfies the properties above. Below we try to realize this 
scheme. 

3.2 Construction and convergence of the evolutions in Cc 

Let us consider for any F G J" cy i(r), e > 

(L e L)( 7 ):=^[F( 7 \x)-F( 7 )] (3.6) 
+ s~ 1 z [F(tUi) exp{-e£: (a:,7)}da;, 7 e T. 

JR d 
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We define also for any G £ -BbstTo), £ > 

L e G := K~ l L z KG\ L £jTen G := R e -iL s R £ G. 
Let cj> be integrable function on the whole R d , namely, 

P := / cj)(x)dx < +00. (3.7) 

We fix this notation for our considerations below. 
Then, by the elementary inequality 

l-e~*<i, t>0 (3.8) 

(which we will use often), <f) will satisfy (|2.9I) and C$ < f3. 

Proposition 3.1. For any G £ Bf, s (Fo) 

(L e , ien G) (77) = (LiG) (r,) + (L 2>£ G) (77) , (3.9) 



where 



(LxG) ( V ) = -\v\G( v ), 
(L 2 , e G) fa) = zJ2 [ e x (e-^-\t) 

/ e -£0(x--)_l \ 

x e x I ,77 \£J G(£Ux) dx. 

Moreover, the expression (|3.9[) defines a linear operator in Cc with dense do- 
main C 2 c- 

Proof. By (ETT2I) . for any G £ B bs (r ) we have 

{L e G)(ri) = - \r,\G(rj) (3.10) 
+ £_lz I] / e- £ ^ (x ^G(^Ux)e A (e-^ ( "- ) -l,n\£)dx. 

Then 

(ie,renG)(»7) = (R e -iL e R e G)(rj) 
= -£- | " l |77|£ l??l G(77) 

+ e-l^le- 1 * V / e ~ eE ^ x ^s^G{t U z)e A (e- £ ^ x -) - 1, 77 \ £)dx 
ic v jRd 
= {L X G) (r,) + {L 2 , e G) (77). 
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Next, for any G 6 C2C we obtain 

\\L 1 G\\ C = / \r,\\G(rj)\cMdX( V ) 



< / 2l"l|G(T7)|CWdA(T7) = ||G|| ac . (3.11) 



From (|3.8p and the estimate e * < 1 we get 
l|£2, s G|| c 

<z [ Y, [ \G(£Ux)\eJ 1 ~ e ^ X - ,r,\AdxC^dX(r]) 



(<t>(x~-), V \C)dxC^dX (77), 

•/r £Cjj Jr- 
then, by Lemma |2.1[ one may continue, 

<z I I I \G (£, U x)\ e x (0 (x ~-),v) dxC M d\ {rj) d\ (£) 
Jr Jr JR d 

and (f2~31) yields 

=zexp{C/3} [ I \G(£l)x)\dxC^d\{£) , 
then, using Lemma |2 . 1 1 again. 

=zexp{C(3}C- 1 [ \G(0\-\t\C^d\(0 
Jr 

^zexplC/JjC" 1 ||G|| 2C . (3.12) 
The estimates p. Ill) and (|3.12[) provide the statement. □ 
Proposition 3.2. Let for any G G i?bs(ro) 

(L V G) (77) := lim(L e , rcn G) (n) = {L X G) (r?) + {L V 2 G) (77), r, G T , (3.13) 

e— >0 

(i 2 v G) (r?) =0 V / G (£ U x) e x (-0 (x - •) , V \ dx. 

Then, the expression f|3 . 13[) defines a linear operator in Cq with dense domain 
Re- 
proof. Since, by the definition, 

\\L%G\\ <z( J2 [ IG^Ux^exttix-^^XOdxCWdXir,) 
the statement follows from (|3.1ip and (|3.12[) . □ 
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Let us set (cf. [10 ( (3.12)]) for any S € (0; 1), s > 0, G 6 S fcs (To), ?/ 6 L 
(A, B G) fa) := £ (1 - 5) ICI / (zS) M G((Uu) (3.14) 

SO? • /r ° 

and 

(QsG)( V ):=J2(l-Sf l [ (z5pG(ZUuj) (3.15) 
x e A (-£*(-, a;), 77 \£) dA (w) . 

Proposition 3.3. Lei 

ze" c < G. (3.16) 

Then P$_ £ and Q$ given by (|3.14p and (|3. 151) are ii/eZZ defined linear contractions 
on Cc- 

Proof. By (|325]), Lemma |2~TI and ([2^3]l . we get for any G 6 C c 

max{||/\ e G|| c ; ||<5«G|| C | 
<[ Y,^- 6 ^ [ (z6) H \G(£Uu)\e x (E*(;u),n\{;)d\(u)CWd\(n) 

(1 - S)® f (zS)M \G (£ U u)\ e x (E* (-, u) , 77) d\ ( w ) CHrfA fa) G^dA (0 



'To •'To ^To 

/ / (1 -<5) 151 (z<5) M |G(£Uw)|exp{G/3|w|}dA(a;)Gl«ldA(£) 
'r Jr 

/ / (l-5) lcl |G(eUw)|(zJex P {G/3}G- 1 ) l " l C |w| C l « l dA(OdA(w) 
'r Jr 

|G(OI(l-* + «*exp{C^}C -1 ) ICI Cl f ldA(0 < ||G|| C , 

that proves the contraction property; then, in particular, 

(P s , e G) (77) < +00, (Q 5 G) (77) < +00 
for A-a.a. 77 6 Tq. □ 

Now let us construct the approximations for the operators Ly and L E}Ten . 
Proposition 3.4. Let for S € (0; 1) 

£*,v := ~ (Q<5 - 1) ; L 5 , e := ~ 5 {Ps,e - 1) , e > 0. 
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Let (|3.16[) holds, then 



and for any e > 



{L sy ~L v )G <Z5\\G\\ 



2C 



(L StS -L etIen )G c <3<S||G|| 2C . 
Proof. Let us denote 

(Qf ] G) (77) :=£)(!- <5) lel G (0 0>^l = (1 - 5)"" G (77) , 

and 

( 

Clearly, we have 

(Ls,v - Ly)G 



< 



-(QW -l)G-L x G 



1 



5 q { Pg-lXg 



- 5 qT 2) g 



c 



It follows from the simple inequality 



< n 



that 



and 



i(^ 0) -l)G-iiG 



jQPG-I%G 



c 



< S ■ 2", neN, <5 > 0, 



(1-J) H -1 G+|-|G 



(3.17) 



< 51 



I2C 



■/r ?CJ7 l j Jr" 



-cf) (x - ■) ,r)\g)dx 



C M dX 



<2 



r -To 



[l - (1 - S f 1 } [ \G(€Ux)\ e x ((f> {x - ■) , r{) dxC^C^dX (n) d\ (f) 



zexp{CP} I l-{l-5f l I \G^Ux)\dxC^dX(£_) 



<5zexp{Cf3} / |f I / \G{£Ux)\dxC^dX(£,) 
^SzexpiC^C- 1 [ \^\(\^\-l)\G(0\C^dX(0<S\\G\\ 2C , 
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since, n (n — 1) < 2™, n € N. And, if we denote 



,(>2) 



LJr, 

n>2 



(«) 
i 



we obtain 



\Qf 2) G 



41 E(i-^7 r( >, ( ^ M|G ^ 

Jr ° Sen 



Uw)l 



(1-5)' 



r -To 



(z<5) H |G(£l_M| 



x e A (£ (;u), rj) d\ (w) G 1 " 1 ^ (77) C^dA (£) 
<S / (l-df l f (zexp{G/3}) H |G(eUw)|dA(w)C l « l dA(0 



=<5 / (G-<5G + zexp{G/3}) l?l |G(£)|dA(£) 
•>r 

<<5 / (2C-<5G) l « l |G(e)|dA(0<<5||G|| 2C . 



The same considerations may be done for Ps. e . Namely, let 



fa) (1 / G^Urr) 

Co, ^ 

xe A (e-^ x -\^j e A 



,-£0(x — ) _ ^ 



, 77 \ n da; 



and 
Then 



p(>2) ._ 



= 4e-(Pi° £ ) + P£ ) ) 



5(0) 

<5,£ 



l)G-LiG 



(Q^ 0) -l)G-LiG 



<<5||G|| 



2C ' 



next, by ([3"H]) . (I3T6)) and Lemma |2~T 



<2 



r -To ' 

<||G|| 2C .<5 e ^G- 1 z<J||G|| 



|G (f Ux)\ e x (<j> (ar - •) , »?) cfaG^G^dA (77) dA (£) 

i 

2C , (3.18) 
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and, finally, 



1 p(>2)^ 



c 



x \ ex (E* {-,(*), v \€)\d\(u)CWd\{rj) <S\\G\\ 2C . 

Combining all these inequalities we obtain the assertion. □ 

We will need the following results in the sequel. 

Lemma 3.5 ([5J Corollary 3.8]). Let A be a linear operator on a Banach space 
L with D (A) dense in L, and let ||| • ||| be a norm on D (A) with respect to which 
D (A) is a Banach space. For n G N let T n be a linear \\-\\- contraction on L 
such that T n : D [A) — > D (A), and define A n — n (T n — 1). Suppose there exist 
iq > and a sequence {s n } C (0; +oo) tending to zero such that for n € N 

\\(A n -A)f\\ <e n \lf\l f € D (A) (3.19) 

and 

l\T n \d(a) I < 1 + -■ (3.20) 
n 

Then A is closable and the closure of A generates a strongly continuous con- 
traction semigroup on L. 

Lemma 3.6 (cf. [6j Theorem 6.5]). Let L,L n , n 6 N be Banach spaces, and 
p n : L —> L n be bounded linear transformation, such that sup„ ||p ra || < oo. 
For any n £ N, let T n be a linear contraction on L n , let e n > be such that 
limn-i.oo e„ = 0, and put A n — e^ 1 (T n — 1). Let T t be a strongly continuous 
contraction semigroup on L with generator A and let D be a core for A. Then 
the following are equivalent: 

1. For each f G L, Tn fn/ ~> PnTtf in L n for all t > uniformly on 
bounded intervals. Here and below [ ■ ] mean the entire part of a real num- 
ber. 

2. For each f G D, there exists f„ G L n for each n G N such that f n — > p n f 
and A n f n -> p n Af in L„ . 

Lemma 3.7. Let X be a Banach space with a norm \\ ■ \\x ; A and B be linear 
contraction mappings on X . Let Y with a norm || • ||y be a Banach subspace of 
X such that Y is invariant w.r.t. B. Suppose that the restriction of B onY is 
also a contraction w.r.t. || • ||y. Suppose also that there exists c > such that 
for any f GY 

Uf -Bf\\ x <c\\f\\ Y . (3.21) 
Then for any m G N and for any f G Y 

\\A m f-B m f\\ x <cm\\f\\ Y . (3.22) 
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Proof. For any / 6 Y , m > 2 we have 
\\A m f-B m f\\ x 
<\\A m f - AB m ~ l f\\ x + \\AB m - l f - B m f\\ x 
<\\A\\ ■ HA" 1 - 1 / - BT-^fWx + \\{A- B)B m ~ l f\\ x 

(where ||A|| means the norm of the operator A on X); since ||A|| < 1 and 
B m-if £ y ) con dition (j3~2T1) yields 

<||A"'- 1 /-B m - 1 /||x + c||B m - 1 /||y, 
but, £ is a contraction on Y, therefore, one get 

^H^-V-^-VIU + cII/Hy, 

that gives p.22|) by induction principle. □ 

And now one can construct the corresponding semigroups rigorously. 
Proposition 3.8. Let 

z < min {Ce~ cfi , 2Ce~ 2Cfi } . (3.23) 

Then, (Lv,£2c) and (L EtTen ,C2Cj ar ^ closable linear operators in Cc and their 
closures (Ly,D(Ly)) and (L Eiren , D(L e . rcn )) generate strongly continuous con- 
traction semigroups Ty(t) and T £trcn (t) on Cc, respectively. Moreover, for any 
G e C c , e > 

Q l 2 t] G ->TV(t)G, P [ r t] E G -+f £ , Icn (t)G, rwoc (3.24) 
for any t > uniformly on bounded intervals. 

Proof. Note that (|3.23l) provides that Q$ and Ps l€ are also contractions on Cic- 
Then the first part of the statement follows from Lemma 13.51 Therefore, £ 2 c 
will be a core for the generators and, by Lemma 13.61 we obtain the conver- 
gence (|3~24l) . □ 

The definition (j3. 13[) of Ly together with Proposition 13.81 allow us to expect 
that the semigroup T £ . rcn (t) converges to Ty{t) in a proper sense. The next 
theorem improve this statement. However, this result is not crucial in the 
context of the our paper. Moreover, its proof is quite technical and, on the 
other hand, is very similar to the proof of the main Theorem 13.121 concerning 
the dual semigroups. Hence, we give the sketch of the proof only. 

Theorem 3.9. Let (|3.23|) holds and suppose that <p := sup R d <fi (x) < +oo. Then 
for any G S Cic 

f eiIen (t)G-f v (t)Gj c < et0(l + /3)\\G\\ 2C 

for any t > 0, e > 0. In particular, it means that T £ ^ cn {t)G — > Ty{t)G in Cc 
as e — > for any t > uniformly on bounded intervals. 
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Proof. By the triangle inequality, 



f Sttea (t)G-t v (t)G 



< 



p[nt] G _Q[nt] G 



(3.25) 



) [ f ] G-f v (t)G 



By f|3 . 24[) . the first and third norms in the r.h.s. of (|3.25|) are tend to as 
n oo. Next, in a similar way as for the proof of (|3.45|) one can show that for 
any G E C 2 c 

1 :0(1 + /?)||G|| 2C . (3.26) 



Pi e G - QiG 



< 

c n 



By Proposition 13.31 and condition (I3.23p . the subspace £20 is Qi. -invariant, 
hence, by Lemma 13771 we obtain 



p[nt] G _Q[nt] G 



c < M *li±ffl £||G|l2C 



<4>{\ + p) (t + 



1 



2C ' 



that fulfilled the first assertion. And, clearly, L^c is a dense subspace of Cc ■ □ 



3.3 Convergence of the evolutions in Kc 

Let £ > be given. Let [L' e ren , D(L' e ren )J and (L' V ,D(L' V )) be dual opera- 
tors to the closed operators (L E . rcn , D(L £> ren )) and (Ly, D(Ly)) in the Banach 
space {Cc) 1 ■ Let the operators (X^ ren , D(L ^ ren ) ) and (L V ,D(L V )) be their 
images in the space /Cc under the isometry (|2.14l) . Our aim is to transfer the 
previous results onto ^-objects. However, similarly to the case of the operator 
L* (see Subsection 12. 2} , the space /Cc is too big. The reason is that the dual 
semigroup in a non-reflexive case (namely, L 1 case) will not be a strongly con- 
tinuous semigroup on the whole dual space. Hence, we consider some Banach 
subspace of /Cc which will be useful for the strong continuity property. 

Proposition 3.10. For any a 6 (0; 1), e > 0, and k £ K, a c w e have that 

{L* >Ion k, L* v k} c/C c . (3.27) 

Moreover, for any k € K, a c 

(%„»*) fa) =~M*fa) (3.28) 
+ zJ2 I e x (e-^*-\r,\x) 

/ -e<f>(x--) _ 1 \ 

x e A f , ej k (£ U ry \ z) dA(0 
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and 

(L* v k)(r 1 ) = -\r 1 \k(v) (3.29) 
+ zJ2 I e x (-4>(x--),Z)k(ZUr ] \x)d\(0- 



Proof. By Lemma I2TTI for any G € -BbsfTo) we have 



xG((Ui) dxk(r))d\(<n) 
xG((Ui) f&cfc^ U £)d\(Qd\(r)) 



= 11 'Ee*('-* m -U\x)e x 
Jr Jr„ xe( v ' 

x G (0 dxk(r] U £ \ z)dA(0dA(7?), 

that implies (pH8f . The equality (f3T29|) may be obtained in the same way or 
just as a point-wise limit of (|3.28[) as e — > 0. 

The inclusion (I3.27P follows from the estimate (fc € IC a c) 



^—e<p\.x — - 



t)\k(tUr)\x)\d\(0 



< P||X 



l fc lk QC -exp{aC/3} ^ ||fc||jc a0 • expjaC^} -1 



a 



C aC eln( 



where we used that xa x < : for any a £ (0; 1) and x > 0: and the similar 

em a 

estimates for 



^E/ r 



e A (0 (ar - •) , |* K U »/ \ i) |dA(f). (3.30) 

l£l)' ;r (l □ 

Let now (|3.23[) holds. By Proposition 13.81 there exist strongly continuous 
contraction semigroups T s< ren (t) and Ty{t) on Cc- Then the corresponding dual 
semigroups T' e len (t) and T v (t) act in the space {Cc) 1 ■ Let us denote by T* rcn {t) 
and T v (t) their corresponding images in /Cc under the isometry ()2.14j) . 

Proposition 13. 101 yields that for any a s (0; 1) the following inclusion holds 

1C~~C (f|£>(L' iron ))f|D(L^) (3.31) 

e>0 
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(all closures are in ICc', in particular, IC a c is a Banach space with norm || • \\c)- 
Moreover, by, e.g., [28l Sections 1.2, 1.3] or [5j Subsection II. 2. 5], for any e > 

the restrictions T £ rcn (i) and f ®(t) of T* ren (t) and f v (t) onto D(L* rcn ) and 

D(Ly), correspondingly, are strongly continuous semigroups; their generators 
L® ren and Ly are the parts of L* ron and Ly, correspondingly. Namely, 

D{L% cn ) = {k G D(L* e>ien ) | L* ren fe 6 £>(£*«„)}, 
= {fc e D(Ltr) | L* v k G D(L^)}, 

and 

^E, rcn^ — £®ren^> & e D(Lf t re n)i 

L v k = L®k, k G D(Ly). 

Proposition 3.11. Assume that, as before, 

z < mm{Ce- cl3 ,2Ce- 2C P} . (3.32) 

If C(3 = In 2 we suppose additionally that z < ^. Then, there exists a% — 
ai(z,(3,C) G (0; 1) suc/i i/iai /or any a G (ai; 1) i/ie space /C Q c wi/Z Z>e Ty(t)- 
and T® ren (t) -invariant, e > 0. 

Proof. The proof is fully analogous to that of [7J Proposition 3.3]. For readers 
convince we explain it in details. 

By (I332)) . Zj8 < min{C^e- c ' 3 ,2C^e^ 2C ' /3 }. Note that the function /(x) = 
xe~ x , x > is increasing on (0; 1) from to e^ 1 and it is asymptotically 
decreasing on (1; +oo) from e _1 to 0. Therefore, if Cf3e~ c ^ / 2Cf3e~ 2C/3 then 
(|3 .32[) with necessity implies zf3 < e _1 . Otherwise, if C(3 — In 2 then the 
condition 2z < C implies z/3 < = Cf3e- Cfj = 2C(3e~ 2Cp , and, again, 
zf3 < e _1 . As a result, the equation f(x) = z(3 has exactly two roots, say, 
< x\ < 1 < x 2 < +oo. Therefore, x\ < C/3 < 2C(3 < x 2 . 

If C/3 > 1 then we set a\ := max ^ j < 1. This yields 2aC,3 > C/3 

and aC/3 > 1 > x\. If X\ < C/3 < 1 then we set ax :— max||; ^| < 1 
that gives 2aC(3 > C/3 and aC(3 > X\. As a result, 

x x < aC/3 < C[3 < 2aC(3 < 2C/3 < x 2 (3.33) 

and 1 < aC < C < 2aC < 2C. The last inequality shows that C 2 c C C 2a c C 

By (13331 . < min{/(aC/3), f(2aCf3)}, hence, z < minjaC'e-^, 2aCe- 2aCf3 }. 
Then, analogously to Proposition 13.81 we obtain that the operators (Ly,C 2a c) 
and {L StTen , C2aC) are closable in C a c and their closures are generators of con- 
traction semigroups, say, T a y{t) and T a<eiTell (t) on £ a c, correspondingly. 

It is easy to see, that f a y(t)G = f v {t)G and T Q , e , rca (t)G = f £ , Icn (t)G for 
any G G £c- Indeed, since the contraction mappings Qs and -P,5 lE , 8, s > do 
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not depend on a, we obtain, by Proposition 13. 81 that for any G £ Cc C C a c 
we have that Ty(t)G G Cc C £ Q c and T a y(t)G G £ Q c and 



||T v (t)G-T a ,v(t)G|Uc 



Tv(t)G - G 
Ty(t)G-Q[ i] G 



tiC 



+ 



T a .y{t)G - G 
f a , F (t)G-4 l] G 



0, 



as 6 -> 0. Therefore, Ty(t)G = T a y(t)G in £ qC (recall that G G £ c ) that yields 
fy{t)G{rf) = f a y(t)G(ri) for A-a.a. 7/ G T and, therefore, Ty(t)G = f a<v (t)G 
in £ c - 

Note that for any G G £c C C a c and for any fc G IC a c G /Cc we have 
T a y(t)G G £ a c and 



-a,V 



(t)G, k 



G,Tly{t)k)), 



where, by construction, T* v (t)k G K. a c- But G G £c: k G A^c implies 
[f a y(t)G,kj) = ((f v (t)G,kj) = ((G,f*(t)k) 



Hence, f v (t)k = f* v (t)k G /C Q c that is what we need. 

Since T®(f) and f® iea (t) are restrictions of T£(t) and T* rcn (/j) onto D(L^) 
and D(L*^ ron ), correspondingly, one has, by (|3.3ip . that the corresponding semi- 
groups coincide on K, a c- Therefore, IC a c is t§(t)- and f® ron (i)-invariant, 
e > 0; and the result follows from the continuity of operators which formed 
semigroups. □ 

Let now Ty a (t) and T®" cn (t) be restrictions of the strongly continuous semi- 
groups Ty(t) and T® ren (t) (which acting on the Banach spaces D(L V ) and 



D(L* ren ), correspondingly) onto the closed linear subspace IC a c of all these 
Banach spaces which are invariant w.r.t. all these ©-semigroups. By the gen- 
eral result (see, e.g., [5J Subsection II.2.3]), f$ a (t) and T e ? en (i) are strongly 



©a 



continuous semigroups on JC a c with generators L v 

: 0Q 



and Lf " en which are re- 



strictions of the corresponding operators Ly and Lf 
D(L V ) = \ /,' _ /v,,< 



Namely, 



{£: G /C a 
D(L?« cn ) = {k elC^ 



L v k G /C Q c}, 

.,c), £ > 0, 



L £ . Icn k G JC, 



and 



L% a k 



Lyk, 



L* k 



fc G D(L® C ), 
fc G #(L°? cn ). 



(3.34) 
(3.35) 

(3.36) 
(3.37) 
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By Proposition 13.81 fv(t) and T E:Icn (t) are contraction semigroups on Cc, 
then, Ty(t) and T Ercn (t) are also contraction semigroups on {Cc) 1 ] but iso- 
morphism (I2.14p is isometrical, therefore, T v (t) and T* ren (t) are contraction 
semigroups on fCc- As a result, their restrictions Ty a (t) and T®" en (t) are con- 
traction semigroups on K a c- 

To summarize, we have the Banach space IC a c and the family of the strongly 
continuous contraction semigroups Ty a (t) and T®" eD (t), s > on this space. 
The generators of these semigroups are satisfied (|3.34j) - (|3.37[) . Moreover, by 
construction, f® a (t)k = f v {t)k and ff* cn (t)k = f* Tcn (t)k for any k G TC^. 

Theorem 3.12. Let C,z,f3,a\ be as in Provosition \3.11\ Suppose additionally 
that <f> := sup R d 4> (x) < +oo. Then, for any a G («i; 1) and for any k G !C a c 

\\f°? CD (t)k - f® a (t)k\\ Kc < etA\\k\\ KaB , e > 0, (3.38) 
where A is depend on a, C , <f> only. 

Proof. Let Q* s , Pg e , 5 G (0; 1), e > be the images of the dual operators Q' s , P' s e 
under the isometrical isomorphism (|2.14l) . Since the norms of dual operators 
are equal we have that Q* & and Pg are linear contractions on /Cc- Moreover, 
for any fc G IC a c we have 

/ {QsG) (rj) k (rj) dX (rj) 

xe A (-£*(■, W ),ryU) dA (u>) k {rf) d\( V ) 
= 111 (l-Sf l (z5)^G(CUc) 

JTq JTq JTq 

x e x {-E* (•, w) , r)) dX (u) k(nUO dX (rj) dX (£) 




x e A (-E+ (;U}),r,)k(r)Ut\u})dX (rj) dX (£) 

and, therefore, 

(Q|fc)(r ? ) = ^(l-5) I "\" I (^)H 

x / eA (-^(.,a;)^)fc(^U ?? \a;)dA(0. (3.39) 

J To 
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Then, by ([532]) . 

(aC)-'" 1 (Q|fc)(r?)| 



<\\k\\ KaC (o 



x / e A (^(.,o;)^)(aC7)l^ldA(0 



E (1 - S) 1 "^ 1 " exp jaC y ^ (s, w) ds} 



Therefore, /C Q c is Qy-invariant, hence, /Cqc is also Qy-invariant due to con- 
tinuity of Qy; moreover, Q v is a contraction in C a c- Absolutely in the same 
way we may obtain that for any k £ IC a c 



- E E*(.,0)) _ 1 \ 

// e A | ,H*(£U>j\w)dA(0 (3.40) 



e 



and that the set /C Q c, and, therefore, the set K, a c are P£ e -invariant; moreover, 
P^ e is a contraction in £ a c. We preserve the same notations for the restrictions 
of this contractions onto IC a c- 

Now, for any fixed e > we consider a set D e := {fe e /C Q c | L* e rcri k e 
A^ac}- By p. 351) . £> e is a core for the operator Lf" en . Next, let us show that 
for any k G -D e 

1 



lim 

5^0 



0. 



(3.41) 



Indeed, let 

(plfv fa) =o--s) M mi 

( e -eE*(-,x) _ 1 \ 



ex 



ak($Ur,\x)d\(0: 



r 



21 



and Pg'^~*' = P$ s — p5e Pg 'e ■ One may improve inequality (|3.17[) , namely, 



,(>2) _ p* p*,(0) p *,(l) 

for any heNU {0}, 5 G (0; 1) 

1 -(!-*)" <(5 n(n-l) 



< 71 - 

Then, for any k 6 /C a c, V 7^ ® 



±(Plf-i)k(ri) + MHv) 



(3.42) 



<l|fc|k aC a |j?l M 



1- (1-5)1 



<2\\k\\K a o<* M \v\(\v\-l) 



and the function a x x(x — 1) is bounded for x > 1, a S (0; 1). Next, for any 



x e A 



e AKU»j\x)dA(0 



/• / | e -eJ5*(.,x) _ jl \ 

x ^ eJaCJ [ ,nd\(0 



< aklj^KI^I _ l) ex p{aC/?} 
that is smaller then 6 uniformly in |7j|. And, hnally, 



wC»7 
M>2 



x / e A 
'r 



£ )mu V \u;)\dX(0 



M>2 



x / e A (B*(.,a;),e)(aCO lfl (aCO |,,| - H dA(0 



|w|>2 



(3.43) 
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but recall that a > a±, therefore, zexp{aC/3} < aC, and one may continue 
<a \n\l (i-8)h\ u \s\ u \=5a\i\'y — (1 -5) M ~ k 5 k - 2 

UlCv k=2 Vl " 1 



|w|>2 

=5al"l V — (l-6) M - k - 2 5 k 

|,fl ~ 2 n i om 
=foM (M - i) E (t + 2)KM-t-2)! (1 ~' ,) """ 2 "''' ,t 



fe=0 
M"2 



k=0 



fc!(|r/| -fc-2)! 



=<k*w M(M-i) 



Combining these inequalities, we obtain p. 411) . 

Analogously, one may obtain that for any k € Dy := jfc G /C Q c | iy' ^ 
/C a c} (that is core for L® a ) 

1 



Um 

(5^0 



{Q* 5 - \)k - L® a k =0. (3.44) 



By Lemma 13.61 we obtain that for any k £ /C Q c 

(P? ) M fc -> f °« n (i)fc; (Q|) [I] fc T°«(t)fc 



(convergence in /Cacs recall that norm in this space is || • ||jt c )- 

Therefore, to use the same arguments as in the proof of Theorem 13.91 and to 
apply Lemma 13.71 we need only to show that for any k £ K, a c 

WP^k-Q^kW^KeSAWkW^a. (3.45) 

We have the following elementary inequalities. For any {afe}^ =1 C [0;1], 
n e N 

n n 

1 - J] a k < (! - «*) > (3-46) 

fc=i fc=i 

which can be easily checked by the induction principle. Next, since 

x + er x - 1 < x 2 , a; > 0, 



we obtain 



1 _ e - e -E*(*A^) , 
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Hence, 



CM 



r 



-^(-) , r, \ w ) e A f i, * - e x (-E* (-,«), f) 



x fc (£ U \ w) dA (0 



x / e A (S*(.,a;)^) 
Jr 



x (aC) l?U7) \ w| dA(0 
and, by (|3.46[) . one may continue 



To 



x ^ h_ e -^(*.-0) ( a C)'^'dA(C) 



+ « H ii fc ii^ c E C 1 - 5 ^ ^ j e > ^ (■' w ) > 



*E i 

sec \ 



(aCf X " l d\ (£) 



and, by (|Q7]l . 



<«'"' lifeline EC 1 " 5 ) 1 ^ 1 l^a ex p{ a ^>) E 



M 



a 1 ' 



wCtJ 



: / / e(J5*(x,w)) e A (£ (•, w) , f) (aC*) ICI aCtfcdA (0 
/r 

again, zexp{aC/3} < aC and we continue 
<£<M I?)I H fc ll/e QC E (l-^) 1 ^ 1 <5 M I?AM • M 



eaCfaW \\k\\ Kaa ]T (1 - <S) I??VI |c| 2 =: J. 
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To complete the proof we need to use the following simple estimates: for any 
|£| = n > 2 one has 

^TMieWKl-^ 1 ^ 1 (3.48) 



71-1 



k=l y ' 



n-1 



^ (fc- l)!(n-fc- 1)! 1 J 

A:=0 V ; 

=£ (1 - <J) n (n - 2) (1 - S + 5) n ~ 2 < 6 ■ 2" = 6 ■ 2® 
(and this estimate is trivial for |£| < 1); and, for any n = |£| > 1 

5^(l-$) l * V " l tfH| £> ,| a (3.49) 

n , 

fc! (n - fc)! 
n ■ 

-^(fc-l)I(n-l-(fc-l))! fc(1 5) 

n — 1 , 

= 5 E 777 — ~~i ttt^ (1 - S)^~ k S k 

<<5n (n - 1) (1 - * + 6) 71 ' 1 <S-2 n 

(and, again, it is trivial for £ = 0). 

Then, by (jOSf . (pTl9"|) . we obtain for any > 2 

J < e0al"l ||fc|| KQC %|(|?7| - 1) + eaC^I ||fc|| KaC 8\rj\(\ri\ - 1) < eSA, 
where A is independent on r\. □ 

Corollary 3.13. Let the conditions of Theorem \3.1S\ hold. Then for any 
{fc( £ \fc} C Kac, £ > 

\\T s % n (t)kV -T$ a (t)k\\ Ko < \\k& -k\\ Kc +etA\\k\\ KaC . (3.50) 

Proof. The proof follows directly from the triangle inequality and the contractive 
property of the semigroup T®" en . □ 
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And now we will show that our Vlasov limiting dynamics has the properties 
described in the Subsection 13.11 



Theorem 3.14. LetC,z,f3,oti be as in Provosition \3.11[ anda.2 :=max{ai,^} G 
(0; 1). Let po be a measurable function on M. d such that there exists a € (a.2\ 1) 
such that < Pq(x) < aC for a. a. x € R d . Then the Cauchy problem 

z L * vh (3.51) 




is well-defined on K, a c and has a solution k t = e\(pt) 6 /C Q c ; where p t is a 
solution of the Cauchy problem 

§iPt( x ) = ~Pt(x) + zexpj- J^p t (y)(f>(x - , 

.P*| t=0 (^) = Po(x), 

for a. a. x £ M. d such that < pt{x) < aC for a. a. x G M. d . 

Proof. First of all, we note that (|3.32p implies z < C, therefore, the condition 
^ < 1 holds. Next, if (|3.52[) has a solution pt(x) > then j^p t {x) < —pt{x) + z 
and, therefore, pt(x) < r t {x) where rt{x) is a solution of the Cauchy problem 

J^r t (x) = -r t (x) + z, 

. r *lt=o( x ) = P°( x )> 

for S R , hence, 

r t (x) = e^ t p a (x) + z(l - e _t ) = z + e~ t (pQ(x) — z) < max{z, pa(x)} < aC, 

that yields < pt{x) < aC. 

To prove the existence of the solution of (|3.52|) let us fix some T > and 
define the Banach space Xt — C([0;T], L°°(M. d )) of all continuous functions on 
[0; T] with values in L°°(M. d ); the norm on Xt is given by \\u\\t '■= max ||wt||z,°o(R, 

t£[0;T] * 

We denote by X^ the cone of the all nonnegative functions from Xt- 

Let $ be a mapping which assign to any v € Xt the solution u t of the linear 
Cauchy problem 

d 

— ut(x) = -u t (x) +zcxp{-(v t *(/>)(x)}, , g 
u t\t=o^ = P°( x )> 

for a. a. x £ K d , where we use the usual notation for convolution on R d : 
(/ * 9)(x) ■= J m< i f(y)g{x - y)dy. Therefore, 

($v) t (x) =e- t p (x) + z [ e~ (t " s) exp{-(w t * (/))(x)}ds > 0. (3.54) 
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Similarly as before we obtain that v E Xj, implies the estimate |(<!>v)t(x)| < 
max{z, po(x)}; in particular, $w 6 Next, using elementary inequality 

\e~ a — e~ b \ < \a — b\ for any a, b > 0, we obtain that for any v, w E Xz 

t 

ds 



\(&v)t{x) - ($w) t (x)\ < z e f s) exp{-(w f * <p)(x) - exp{-(w t * <fr)(x)} 

Jo 

<z I e~^~ a ^\(vt * 4>){x) - (w t * 4>){x)\ds 



<z \ e ^ s \\v t — w t \ * c/))(x)ds 
Jo 

<zf3\\v-w\\ T {l-e-% 



where we used the inequality |(/ * g){x)\ < ||/||l«>(r<*) ||<?||£i(R<i) an d condition 
(|3~7| . Therefore, \\$v - $w|| T < zf3\\v - w\\ T - Since ([3321 implies zj3 < e _1 
(see the proof of Proposition 13. 1 1|) . hence, $ is a contraction mapping on the 
cone Xi, Taking, as usual, = $ n i>(°), n > 1 for t/°) E we obtain 
that C X+ is a fundamental sequence in Xt which has, therefore, a 

unique limit point v E Xt- Since Xj, is a closed cone we have that v E 
Xji. Then, identically to the classical Banach fixed point theorem, v will be 
a fixed point of $ on Xt and a unique fixed point on X^. Then, this v is 
the nonnegative solution of (|3.52j) on the interval [0;T]. By the note above, 
v t (x) < aC. Changing initial value in (I3.52[) onto pt\ t _ T {%) = vt(x) we may 
extend all our considerations on the time-interval [T; 2T] with the same estimate 
v t (x) < aC; and so on. As a a result, Q3.52p has a global bounded solution pt{x) 
on R+. 

Clearly, fc = e \(po) E IC a c C fC a c- Then k t — Ty a (t)k will be a strongly 
differentiable function (in the sense of norm || • ||/c c in K. a c); moreover, k t E /C Q c- 
Next, if we substitute k t = e\{pt) into P-51j) . then, by (|3.28[) . we obtain 

^2^Pt(x)e x (pt,v\x) 

= - MexiPuV) 

+ z^2e\(pt,r)\x) e x (~4> (x - •) , £) e A (p t , 

+ z Ve A (p t ,?7\a;)exp^ - / <f>(x - y)p t {y)dy \, 

that holds since pt is satisfied (|3.52p . □ 

Remark 3.15. Note that the stationary equation for (13.52[) has the following 
form 

p(x) = zex.pl- p{y)(j){x - y)dy\ (3.55) 
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and coincides with the famous Kirkwood-Monroe equation ([T7], see also, e.g., 
[15] and references therein, and the recent work [2]). 

3.4 Further considerations 

We have realized the scheme proposed at the end of Subsection 13.11 But let us 
explain also the rigorous meaning of the equivalence (|3.ip which was background 
to all our consideration. 

Let C, z, (3, at2 be as in Theorem 13.141 Then, for any fixed e > we have 
1 - exp{-£0} e L 1 (R d ) and, by [E2 Proposition 3.2], L e , given by (j3~T0| . is 
a linear operator in C £ -ic with dense domain C*ie-^c- Consider the image 
(L*,D{L*)} in /C e -i c = R e -iJCc under the isometrical isomorphism R £ ~ic of 
the dual operator [L' e , D(L' e )) in (£ £ -i c )'. 

We are not able to show that L £ is a generator of a strongly continuous 
semigroup in £ E -ic since a condition like (|2.13[) (with e _1 C instead of C) cannot 
be fulfilled uniformly in e > 0. But one can do in the following manner. 

Let a G («2! 1) and let us consider the space K" = K. e -i a c e ~ ±c ■ Note that 
for any € K" there exist {?« } C IC £ -i aC such that 

0= lim ||r^-r( £ )||x; e _ lc = lim \\R £ r^ ~ R £ r^\\,c c 

and the inclusion R £ rn^ G /C a cs w € N yields i? e r( £ ) G /C qC - Vise versa, for 
any k^ € K. a c we see that R £ -ik^ € K". As a result, i? e provides an iso- 
metrical isomorphism between the Banach spaces K" and K, a c- Then, U £ (t) :— 
R £ -iT®" cn (t)R £ will be a strongly continuous contraction semigroup on K" with 

the generator A° = R e -tLf^ en R £ and the domain D(A £ ) = R £ -iD(Lf^ cn ). 
Moreover, since K a c H D(Lf " cn ) is a core for Lf" en , the set K £ -i aC H D(A £ ) 
is a core for A" and on this core the operator A" coincides with L*. Note that, 
the semigroup U° (t) is the rigorous analog of T* in (|3.ip . 
Let now {fc , ^ e) |e > 0} C X Q c- Then, by (pT50l) . 

HC/fW^-xfe^ ~ i^-iT^ 01 (t)fcb |j x - a _ ia (3.56) 
= 1 1 R £ (U« (t ) R s - 1 4 £) - R £ - ! T° a (t)fc ) 1 1 Cc 

= ||t%W^ £) " Tfm|| Kc < ^t||fcolk QC + - fcolk c . 
On the other hand, 

\\u:(t)R £ -!k { e) - R £ -!T $ a (t)ko\\,c e _ lc (3-57) 

= esssupi (£- 1 C*)- | " l |i? £ -if , ® Q (i)fco(^) 
»7er [ 

= esssup J C- | " l |f® Q (t)fc (r7) 



C/«(t)i2 £ 



R E -iT$ a (t)ko(r,) 



R £ 



^ a (t)k (v) 



- 1 
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In particular, if 



then (|g3g]) . (j3"37f imply 



lim life, 



(e) 





fcol 



Hm U-(t)Re-^\v) = 1 

R e ^ a (t)k (v) 



for A— a.a. rj e Tq. 



(3.58) 



(3.59) 



The equality (|3. 591) is a rigorous realization of the equivalence (13.1[) (with 
changes &q onto R e -iko ). 

Moreover, let T > and suppose that there exists a function c : Tq — > 
(0; +oo) such that 



q(a,T) 



sup ess sup ■ „ , 
t£[0;T] „er„ T® Q (t)fe (77) 



< +O0. 



(3.60) 



Then, using the equality 



-\v\ 



R £ ^T° a {t)k{ v ) 



-_ C -M\f^(t)k (rj)\ 



U*{t)R e -^\rj) 



R e -iT° a (t)k ( v ) 
we obtain that for such fco and for any t £ [0; T] 
U«{t)R s -^\rj) 



c{rj) 



T$ a (t)k (ri) 



R e -iT$<*( t )k (rj) 



< q(a,T)Ast\\k \ 



ko\\f 



(3.61) 



where 



C,c 



|fc|| c ,e = esssup 



This gives that the equivalence (I3.1[) may be shown in a proper Banach space 
which is independent on e. 

Remark 3.16. The condition (|3.60|) on ko is reasonable: for example, for ko = 
e\(po), since, by the Theorem 13.141 we have Ty a (t)ko(rj) = e\(pt,r]), where pt 
satisfies (|3.52jk therefore, (|3.60|) holds for any |/3o(a;)| < ctC such that 

sup inf \p t {x)\ > p min > 
te [ 0; T]^eR d 



if we set c(rj) — e\(p m i n ,T]) — pj^j n . Moreover, we obtain that |pt(a;)| < aC. 
The following example shows which function fog one can choose in this case. 
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Example 3.17. Let k (rj) = p^ , p e (0:aC). Let us consider the scaled 
Lebesgue-Poisson exponent (rj) = e\(p (l+eu(-)), rj), where sup x£R <i \u(x)\ = 



u < 00, e > 0. Then for any e < we have (t?)| < (aC) l ' )l . Moreover, 



< 



e sup 

sG(0;e) 

e sup 

se(0;e) 



I ''/I 



— e A (l + ««(-),»y) 



^ "(^)eA (l + su(-),T) \ x) 

x£r) 



< (77) MeA ( X + £U ^V\ x) 



■\cJ 



<(^) M e\v\u(l 



aC - po 
= — \ 

Pou 



Po 1 1 i„i ^ Po -1 
aG aC emeu 



As a result, jfe^ — fco||/C c -> as e — > 0. 
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